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We examine evolutions where each component of a given decomposition of a mixed quantal state 
evolves independently in a unitary fashion. The geometric phase and parallel transport conditions 
for this type of decomposition dependent evolution are delineated. We compare this geometric 
phase with those previously defined for unitarily evolving mixed states, and mixed state evolutions 
governed by completely positive maps. 
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I. INTRODUCTION 

The concept of quantal geometric phase, first discov- 
ered for cyclic adiabatic evolutions by Berry , has been 
generalized in several steps. Aharonov and Anandan |3| 
removed the restriction of adiabaticity and pointed out 
that the pure state geometric phase is due to the cur- 
vature of projective Hilbert space. A general setting 
of the quantal geometric phase including noncyclic evo- 
lution and sequential projection measurements was put 
forward by Samuel and Bhandari based upon Pan- 
charatnam's early work P| on interference of classical 
light rays in distinct states of polarization. Extension 
of the geometric phase towards the mixed state case was 
first conceived by Uhlmann j^, who introduced paral- 
lel transport and concomitant geometric phase of den- 
sity operators. Later, Sjoqvist et al. '3| discovered an 
operationally well-defined geometric phase for unitarily 
evolving nondegenerate density operators in the context 
of quantum interferometry. This latter phase concept has 
been generalized |7|, i^] and experimentally tested [lO| . 

In brief, the mixed state geometric phase in Ref. Q is 
basically an extension of Pancharatnam's relative phase 
between distinct physical states, added to it the standard 
pure state parallel transport for each of the spectral basis 
states of the density operator. Explicitly, for a mixed 
state, initially described by the density operator p(0), 
the quantity 



7 = argTr(p(0)C/(r)) 



(1) 



measures the Pancharatnam relative phase between the 
density operators p(0) and p(t) = U {t) p{0)U^T) , U{t) 
being unitary. Now, under the condition that U{t), 
t S [0, r], continuously parallel transports the spectral 
basis of the density operator along some unitary path C 
ending at p(t), the Pancharatnam relative phase in Eq. 

becomes the mixed state geometric phase ^[C] associ- 
ated with this unitary path. Mathematically, ^[C] may be 
regarded the holonomy of a fiber bundle with structure 
group being the N torus . 



Many properties of mixed states may be understood in 
terms of purifications of the considered system's density 
operator p, i.e., by adding an ancilla system so that the 
whole system is in a pure state whose partial trace over 
the ancilla is p. From this perspective, the absence of 
unique concept of mixed state geometric phase may be 
considered a consequence of the fact that nonpure states 
can be purified in many ways. While the above described 
approach in Ref. arises naturally in standard one- 
particle interferometry, Ref. 0| has been shown to 
depend also upon operations on the ancilla. 

In this paper, we propose another form of geometric 
phase that has a direct physical relation to the decompo- 
sition freedom of mixed states [l^ , and which reduces to 
Ref. 1^ for one-term decompositions. We shall see that 
the associated gauge symmetry for such parallel trans- 
port has a fiber bundle interpretation and that it plays 
a role in a certain type of evolution, for which each com- 
ponent of the decomposition evolves independently in a 
unitary fashion. This kind of evolution, which we shall 
call decomposition dependent, is shown to have a natural 
interpretation in terms of conditional unitary dynamics 
[T^ acting on separable mixed states in the space of the 
considered system and some additional ancilla. 

As a preliminary, we briefiy describe, in the next sec- 
tion, decompositions of density operators related to the 
freedom in the preparation of mixed states. Decomposi- 
tion dependent parallel transport and mixed state geo- 
metric phase are introduced and analyzed in Sec. III. In 
Sec. IV, we examine particular instances of decomposi- 
tion dependent evolution related to the unitary case and 
completely positive maps of the mixed state. The paper 
ends with the conclusions. 



II. DECOMPOSITION FREEDOM 

Consider a preparation machine equipped with instruc- 
tions to prepare a set of orthonormal pure states {|fc)}, 
each member of which with probability Wk ■ The result- 
ing mixed state may then be represented by the density 
operator 
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■ = Y,wk\k){k\, 



(2) 



k=l 
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N being the dimension of the considered system's Hilbert 
space Ti.. Another, perhaps physically more feasible, 
preparation machine may instead prepare, with proba- 
bilities Afc, the states pk, yielding the density operator 



decompositions we may identify a decomposition of the 
form displayed by Eq. ||2J) with a state of the form dis- 
played by Eq. keeping the equivalence relation in 
mind. 



M 

g^^XkPk, (3) 
fc=i 

where the states pi, . . . ,pm may be nonpure. If g = p, 
then the two machines prepare the same mixed state, 
but in different ways. The different preparations of the 
same mixed state are called decompositions, and one can 
show that all mixed states (nonpure states) can be de- 
composed in infinitely many ways |12| |. The decompo- 
sition displayed by Eq. (|2Jl into the eigenbasis of the 
density operator is called the spectral decomposition. 

Given a mixed state represented by p one cannot de- 
termine its decomposition, since the outcome of any mea- 
surement only depends on p, i.e., measurements are de- 
composition independent. Yet, we claim there is a subtle 
difference between the decomposition of a mixed state 
and the mixed state itself, because identifying the output 
of a given preparation machine with the density operator 
representing the state does not include any information 
about the details of the preparation procedure, whereas 
identifying the output with the corresponding decompo- 
sition does. 

This latter observation makes it reasonable to intro- 
duce the set Sp = {g\g = p} of all decompositions g of a 
density operator p as being an equivalence set with pro- 
jection map n : iSp — > p. In the pure state case, each 
such equivalence set consist of a single element, as the 
decomposition is unique for such states. On the other 
hand, for any nonpure state p, there are infinitely many 
elements in Sp. We may envisage paths V in the space 
S = {Sp} of all decompositions of all mixed states. In 
the next section we discuss a concept of geometric phase 
for such paths, but let us first examine the space S a 
little bit more thoroughly. 

Consider the set A of separable states of the form 

M 

esa = 5]AfePfe® |Vg)(V'g|, (4) 

fc=l 

where ('0^1 V'f) = ^ki- These states act on Hilbert space 
Ti, (g) Ha , Ti, being Hilbert space of the considered system 
and Ha is some A/-dimensional ancillary space. Further, 
let us introduce the equivalence relation 

Qsa- {I<»U)gsa{I<»U''), (5) 

U being unitary, and / the identity operator. The set 
^/ ^ of equivalent classes in A under ~ is isomorphic 
to the set Sm of decompositions into M terms, where 
M = dim{Ha)- Apparently Sm is a subset of S, and 
in the following we focus on this space, rather than on 
S. Since A/ ~ is isomorphic to the set Sm of Af-term 



III. GEOMETRY OF DECOMPOSITION 
DEPENDENT EVOLUTIONS 

Let U{t), t e [0, t] , be a continuous one-parameter fam- 
ily of unitary operators with C/(0) ~ I, I being the iden- 
tity operator on H, and let {\k)} be the eigenbasis of the 
initial density operator p(0), assumed to be nondegen- 
erate Q. Then, U{t) is said to parallel transport the 
density operator if it fulfills the conditions 

{k\U^t)U{t)\k) = 0, Vfc. (6) 

Any parallel transporting operator is denoted by C/"(t) 
in the following. For such an operator, we may write the 
mixed state geometric phase associated with the path 
C:te [0,r] -^p(i) = C/ll(t)p(0)?7llt(i) as 

7[C]-argTr(p(0)C/ll(r)), (7) 

which is the total relative phase displayed by Eq. Q for 
parallel transported states. More generally, Singh et al. 
y have put forward a kinematic approach, akin to that 
of Ref . [13 , to the mixed state geometric phase in Ref. 
6]. They demonstrated that for any unitarity U(t) the 
mixed state geometric phase reads 

7[C] = arg |^^«;z(;|C/(r)|Oe-/o^''*<'l^'(*)^(*)l'>^ . (8) 

The generalization lies in the fact that the phase is ge- 
ometric even if U{t) does not fulfill Eq. and that 
it includes the parallel transport condition, in the sense 
that the right-hand side of Eq. ||SJ| equals the total rela- 
tive phase whenever Eq. ((BJ is fulfilled. 

Let us now focus on evolutions of decompositions. 
Such evolutions may be realized by starting from a state 

M 

e,a(O) = ^A,pfe^|0g)(V'?|, (9) 

k=l 

where {tp'^\tpf) = Ski- Letting it evolve under 

M 

Usa{t)^Y.Ukit)^m){rk\, (10) 
fc=i 

where each Uk{t), t € [0,t], is a continuous one- 
parameter family of unitarities with ?7fc(0) = /. Since 
Usa{t) keeps the states |^/'fc)(V'fel fixed, the evolution is 
well defined in the space A/ ~. Explicitly, 

gsait) - U,ait)psaiO)Ulit) 
M 

fc=i 
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which defines the decomposition dependent evolution 



(12) 



k=l 



One can reahze this type of decomposition dependent 
evolution using a type of preparation machine displayed 
by Fig. 1. Note that for M = 1, we obtain ordinary 
unitary evolution of a mixed state, while for M > 1 the 
evolution of the considered system is in general nonuni- 
tary. 
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Vk{t) being unitary and fulfilling Vfe(O) = I. This trans- 
formation may equivalently be expressed for the state 
Qsait) as 



where 



gsait) = Usa{t)gsaiO)Ulit), 



Usa{t) = Usa{t)Vsa{t), 
M 

fc=i 



(15) 



(16) 



Vk{t) being unitary. The orbit of the decomposi- 
tion remains unchanged under this transformation if 
[gsaiO),Vsait)] = 0, which is fulfilled only if 



[pk,Vk{t)] ^ 0, Vfc. 



(17) 



FIG. 1: Realization of decomposition dependent evolution. A 
machine M prepares outputs p^, k = 1, . . . , M , each of which 
with probability and conditionalized on the unitarity Uk- 

By using an approach similar to that of Singh et al. j^J 
we can define a geometric phase for this type of evolution. 
Let us first introduce a gauge transformation of the form 



M 



k=l 



where 



Uk(t) = Ukit)Vk{t), 



(13) 



(14) 



Let us now introduce a concept of relative phase F 
adapted to decomposition dependent evolutions. This is 
naturally given by considering the phase of the quantity 
Tr(e,a(0)[/.a(r)) yielding 



F = ar. 




AfcTr {pkUkir)) 



(18) 



Note that for Ukir) = U{t), Vfc. this reduces to 7 in Eq. 

With the relative phase at hand we may now introduce 
the quantity 



N 



T[D] = arg ^ ^ {ki\Uk{T)\ki)e 



- dt{ki\ul{t)Uk{t)\ki) 



(19) 



r 



where {\ki)}\Li is the eigenbasis of pk and {w; } are the 
corresponding eigenvalues. T\D] is gauge invariant since 
each term in the sum is invariant under the correspond- 
ing transformation Uk{t) Uk{t) in Eq. H14|l fulfill- 
ing Eq. (|17|l . Moreover, since F[I?] is real- valued and 
reparametrization invariant, we may define it as the ge- 
ometric phase for decomposition dependent evolutions. 
Demanding that the geometric phase equals the total 
phase for parallel transported states provides us the fol- 
lowing N X M parallel transport conditions 



{ki\ul\t)ullit)\ki)^o, yk,i. 



(20) 



Apparently a given decomposition is parallel transported 
if each component pk of the decomposition fulfills the par- 
allel transport conditions given in Ref. '^I, with respect 
to the unitary operator Uk (t) acting on that specific com- 
ponent. 



The geometric phase F[2?] depends only on the path 
T) in the space Sm of decompositions. Such a path may 
be lifted to that of a pure state |^(t)) G H. ® Ha ® 'Hb 
by attaching yet another ancilla such that the projection 
map TT : \^{t)) Trf,|*(i)) (*(i)| is V. This is fulfilled 



4 



by 

M N 

i*(o)> = E E VA^v^ifc') ® ® \i>li), (21) 

k=l 1=1 

evolving as \^{t)) = U sab(t)\'i {Q)) ■, where 
M 

Usab{t)^Y.^k{t)®\4>l){rk\®l''- (22) 

fc=l 

From this point of view, V\D\ is the holonomy of the 
fiber bundle (5, Ti, ® Ha <8> H-b, tt, Q) with structure group 
being the N x Af torus T^^*^. 

IV. RELATION TO EVOLUTIONS OF MIXED 
STATES 

Consider the map 

^ : Qsa > TTaQsa, (23) 

from the space A/ ~ to the space of mixed states. Using 
this map, and the fact that the space of decompositions 
is isomorphic to A/ ~, one can take a path V from the 
space of decompositions into a path C in the space of 
mixed states. In this section we consider special cases of 
decomposition dependent evolutions producing paths V, 
which corresponds to continuous sets of mappings C in 
the space of mixed states. 

Let us first consider unitary evolutions of mixed states, 
which corresponds to the special case of decomposi- 
tion dependent evolutions where Uk{t) — U{t)Vk{t) and 
[Vk{t),pk] = 0. In this case, the geometric phase r[I?] in 
Eq. (|19l) becomes 

M N 

T[V] = arg(^Afe5]u;f(fcHC/(r)|fci) 

k=l 1=1 

xe"i'o"''*<'='l'^'^(*)^(*)l'='>^, (24) 

which may in general be different from the geometric 
phase 7[C] introduced in Ref. 0. Hence, the additional 
information about the decomposition affects the geomet- 
ric phase, as one could suspect. However, there exists a 
special case when the two geometric phases numerically 
coincide, namely when all terms in the decomposition 
have the same eigenbasis, i.e., {|fc;) = |/)}. Consequently, 
we obtain 

M N 

T[V] = arg(5]Afc5]u;fa|;7(r)|0 

k=l 1 = 1 

i.e., r[D] — j[C] in Eq.® by the identification wi — 
J2k^kwf. This may be regarded a consequence of the 
fact that one can choose Vi{t) = ... = VM{t) = V{t) 



in this case, which precisely corresponds to the gauge 
symmetry of the mixed state. On the other hand, if 
at least two of the p^'s do not diagonalize in the same 
basis, the gauge group cannot be reduced to and r[I?] 
cannot be associated with the holonomy of the unitarily 
evolving mixed state. 

One can further analyze the relation between decompo- 
sition dependent evolution and unitary mixed state evo- 
lution by considering the latter as decomposition depen- 
dent, where the decomposition contains a single term, 
i.e., p = p. This entails that the path C : t ^ U{t)pW{t) 
in the space of mixed states corresponds to the path C : 
t U{t)pW{t)(»\i;1){'ip1\ in the spaced/ ~. This seems 
to be a natural correspondence, and it is apparent that 
we have r[C] — j[C]. However, the path C can only be 
the same as a path V produced by a one-term decompo- 
sition. To see this, let us assume the opposite, i.e., paths 
of the form V : t ^ Ek=i ^kU{t)pkUHt) |V'fc)(V'fc|}- 
Then V correspond to C only if there exists a continuous 
one-parameter family of unitarities V{t), such that 

M 

j2>^kU{t)pkU\t)^m{rk\ = 

k=l 

U{t) ® V{t) p ® uHt) ® V\t). (26) 

Tracing over the system part on both sides gives us 

M 

Y.\k\rk){rk\^v{t)\ri){ri\v\t), (27) 

k=l 

where the right-hand side is a pure state, whereas the left- 
hand side is a pure state only if all but one of the 's van- 
ishes. Hence, the previously discussed numerical agree- 
ment between the geometric phase for a class of M-term 
decompositions and the mixed state geometric phase, 
cannot be explained as a correspondence between paths. 
Rather we have a situation where T\D] — V[C] — 7[C], T) 
and C being distinct paths. 

Another special case of decomposition dependent evo- 
lutions is 

M 

g{t)^Y.^Mt)mul{t), (28) 

k=l 

i.e., when pi = ... = pM = £"(0). The corresponding 
state gsaifi) takes the product form 

gsaiO) = g{0) ® (j2Xk\rk){rk\^ ■ (29) 

Being a product state implies that this evolution corre- 
sponds to mixed state evolution governed by a continuous 
one-parameter family of completely positive (CP) maps 
[r^ . This can also be seen by reexpressing Eq. (^5)1 as 

M 

g{t)^^Wk{t)g{0)wl{t), (30) 

k=l 
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which, for the mixed state, is the Kraus representa- 
tion of a CP map, where Wk{t) — y/\kUk{t), and 
Efcli Wl{t)Wk{t) = I. Not all CP maps have a Kraus 
representation where Wk{t) = VXkUk{t), Uk{t) being 
unitary; only a fraction of all CP maps can be viewed 
as decomposition dependent evolutions |3j but for this 
class of maps we may define the geometric phase as 



M 



N 



T[V] = arg(^Afc5]w;z(/|[/fe(T)|0 



k=i 1=1 



dt{i\ul(t)Uk(t)\i) 



(31) 



where is the eigenbasis of f?(0), and wi are the cor- 
responding eigenvalues. The concomitant parallel trans- 
port conditions reads 



(32) 



The geometric phase for CP maps has previously been 
considered in Ref . Q . In the special case of Kraus oper- 
ators of the form Wk{t) = \/\kUk{t), k = 1, . . . , M, this 
approach associates, at each t, a relative phase Tk{t) to 
each Wk{t) by the expression 



(33) 



i^fee^r.(t) = 0^Tr [^,(0)^7fe(^)] 



By introducing parallel transport conditions in Eq. H32|) . 
the M geometric phases are given by 



N 



rW=arg^^,(/|[/,(r)|Oe 



- dt{i\ul(t)u^{t)\i) 



It follows that Fg and Tg are related as 



M 



p(fc) 



T[D] = arg ^XkTke" ^ 



(34) 



(35) 



where 



Tk 



N 

E 

1=1 



wi{i\Uk{T)\i)e- fo '^Hnulm.m) 



(36) 



is the mixed state visibility Q for the unitary evolution 
g{0) ^ Uk{t)g{0)ul{t). 



V. CONCLUSIONS 

We have introduced a concept of decomposition depen- 
dent evolution of quantal states and discussed the con- 
comitant geometric phase and parallel transport. This 
geometric phase depends only upon the path in the space 
of all decompositions and is different, both conceptu- 
ally and numerically, from the geometric phase of mixed 
states. It may even differ from the standard geometric 
phase for mixed states G] in the case of unitary evolu- 
tion of the decomposition. We have further demonstrated 
that the concept of geometric phase for decompositions 
and that of the corresponding mixed state in the unitary 
case, become identical if each component of the decompo- 
sition diagonalize in the same basis. We have also shown 
that the present approach leads to a notion of geometric 
phase for a special class of completely positive maps that 
essentially differs from previous suggestions [a, [l3 • 
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